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AnHoTanus. M3y4aloTcsi AByX4YacTOTHBIE KBa3WUIMEPUOJMUYECKHE KOJIEOaHWS B WMITYJIbCHOH CHCTEME
yHpaBJIeHHUS SHEProoOecedeHneM HarpeBaTeIbHON yCTaHOBKH /IS BRIPAIIMBAaHUS KPUCTAIUIOB carndupa,
MOBEZICHUE KOTOPOW ONMCHIBACTCA HEABTOHOMHBIMH UG (epeHIHANbHBIMU YPAaBHEHUSIMU C Pa3phIBHOM
npaBoil 4acTbio. Takas MoOJeNnb CBOAWTCS K ABYMEPHOMY HETJIaJKOMY HENPEPHIBHOMY OTOOPaKEHHIO.
Uepes Oudyprammio Heitmapka-Cakepa TPOUCXOIUT TEPEXOA OT TEPUOAMYECKHX KOjJIeOaHuid K
KBazuIepuognueckuM. B ($azoBoM mnpocTpaHCTBE OTOOpa)KCHUS! KBA3UIEPUOAMYECKHM KOJICOAHUSIM
COOTBETCTBYET 3aMKHYTasi MHBapuUaHTHAs KpWBas. BEHINONHEH aHalM3 OCOOCHHOCTEH BO3HUKHOBEHHUSI
pe3oHaHcHOW AuHAMUKK. OOIacTH Pe30HAHCHOW TWHAMHUKHU B TIPOCTPAHCTBE MapaMeTpOB 00pa3yroT, TaK
Ha3blBacMble SI3bIKM ApHOJIBAA. B Hernmaakux cucreMax S3bIKM ApHONbIA MMEIOT CHEHU(UYECKYIO
CTPYKTYpY, OTJIMYHYIO OT CTPYKTYphl PpE30HAHCHBIX $A3BIKOB TJAAKUX cHcTeM. M3BecTHO, UTO
MPUTATHBAIONIASA 3aMKHYTasl HHBApHAHTHAs KPUBas CYIIECTBYET BHYTPH KaXXIOTO PE30HAHCHOTO S3bIKA.
Ha sToli KpuBOW MMeeTCs 4eTHOE YHCIIO MEPHOANYECKUX OpPOUT, MOJOBHHA M3 KOTOPHIX YCTOHUYMBBHIE,
a MOJIOBHHA — CE/JIOBbIE, 2 caMa MHBapHaHTHas KpuBas oOpa3oBaHa HEYCTOWYHMBBIMUA MHOTOOOpPA3UsSMH
CeUIOBbIX LMKIOB. [I0oKa3aHO, 4TO HA 3aMKHYTON MHBAPUAHTHON KPUBOI BO3HHUKAIOT PE30HAHCHI Yepe3
TOMOKJIMHHYECKYI0 OMdypKanumio, Korjaa 4uciio BpauieHus [lyankape cTaHOBHUTCS pallMOHAIbHBIM.
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Abstract. In this paper we study the nonlinear phenomena that can be observed in an energy supply pulse
modulated control system of a heating unit. The behavior of such a system is described by
nonautonomous differential equations with discontinuous right-hand sides. We reduce the investigation of
this system to the studying of a two-dimensional non-smooth map. We demonstrate how a quasiperiodic
dynamics can arise from a stable periodic motion through a Neimark-Sacker bifurcation. The paper also
discusses the specific features of the transition from phase-locked dynamics to quasiperiodicity. The
regions of phase-locked dynamics dynamics in the parameter space form the so-called Arnold tongues.
For piecewise smooth systems, Arnold tongues have a specific sausage-like structure. Within each
resonance tongue there is an attracting closed invariant curve. This closed curve includes two cycles, a
saddle and a stable, and is formed by the saddle-node connection composed of the unstable manifolds of
the saddle cycle. We show that transition from a quasiperiodic to the resonance dynamics may occur in a
homoclinic bifurcation. Our numerical analysis shows that firstly a pair periodic orbits (stable) appears in
a saddle-node bifurcation. Near the saddle-node bifurcation point we observe the coexistence of the stable
cycle and the stable closed invariant curve with a quasiperiodic dynamics. The unstable manifolds of the
saddle cycle separate the basins of attraction of the coexisting motions. As the parameters change the
manifolds of the saddle cycle become tangent to each other, and this leads to the formation of a
nontransversal homoclinic orbit. With the further change of parameters the stable and unstable manifolds
of the saddle cycle intersect transversally to form the homoclinic structure. Finally, after the second
homoclinic bifurcation a stable resonant closed curve appears, which is formed by the unstable manifolds
of the saddle cycle.

Keywords: energy supply control system of a heating unit, two-frequency oscillations, non-smooth map,
Neimark-Sacker bifurcation, border-collision bifurcation, two-dimensional torus, closed invariant curve
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BBenenne

MHorue 3anaun QpU3MKKM, MaTEeMaTUKU, OMOJIOTUH, SJKOHOMUKH NPUBOJAT K KOHEUHOMEp-
HBIM JMHAMHUYECKUM CHCTEMaM, KOTOpbIe IEMOHCTPUPYIOT ABYXYaCTOTHBIE Kojebanus. JByxua-
CTOTHBIM KOJIEOAHHSAM B (1)330BOM IMPOCTPAHCTBE )II/IHaMI/I‘-ICCKOI\/'I CUCTEMBI COOTBCTCTBYCT JIBY-
MEpHBI MHBAapUAaHTHBIA TOp, a 3aMKHYTasi MHBapUaHTHasi KpuBas — B otoOpaxxenun [Gucken-
heimer, Holmes, 2002; Kuznetsov, 2004; Mira et al., 1996; looss, Joseph, 1989].

B 3aBucumocTH ot uncna BpaueHus [lyankape, ABrxkeHue Ha Tope (WM 3aMKHYTOH Kpu-
BOI) MOXET ObITh KBa3HUIEPHUOIMUYECKUM, €CIIM OHO HPPALMOHAIBHO U NEPHOAMYECKHM, €CIIU
panuoHaJIbHO. B IIEPBOM CJiiydac IMPCACIIbHBIM MHOKCCTBOM SBJISICTCA BCChb TOP, @ BO BTOPOM
ciydae — nepuoanueckas opoura [Guckenheimer, Holmes, 2002; Kuznetsov, 2004; Mira et al.,
1996; looss, Joseph, 1989].

Kak n3BecTHO, B KJJaCCUUECKOM CiIy4ae, €CJIi HE BBIMOIHSIIOTCS crienupUuIecKue ycloBus,
KOTOPBIC HA3BIBAOTCS YCIOBUAMH CHIIBHBIX PE30HAHCOB, 3aMKHYTasi UHBapUAHTHAsl KPUBasi BO3-
HukaeT d4epe3 Oudypkammio Heiimapka-Cakepa [Guckenheimer, Holmes, 2002; Kuznetsov,
2004; Mira et al., 1996; looss, Joseph, 1989].

PaccmarpuBaeMslii Kilacc CUCTEM YIIpaBiieHHs onMchiBaeTcs AuddepeHInalbHbIMU ypaB-
HCHUSIMU C pa3pBIBHOﬁ HpaBOfI YaCTbIO, KOTOPBIC CBOAATCA K HCIIIAAKUM HCTPCPLIBHBIM HIIN
paspbiBHBEIM oToOpaxkenusMm [Filippov, 1988; Zhusubaliyev, Mosekilde, 2003; Di Bernardo et al.,
2008].

B pa6orax [Zhusubaliyev et al., 2002; Zhusubaliyev et al., 2006] moka3zaHo, 4To B HeTIa -
KHX JUHAMHYECKUX CHUCTEMaX, HapsALy C KJIACCUYECKUM, CYLIECTBYET APYTOM MEXAHU3M BO3HUK-
HOBEHUS 3aMKHYTON KPHBOW M3 HETIOJIBUKHON TOYKH, KOTOPBINA CBS3aH C OCOOBIMU OH]ypKamm-
MU, TIOJYYUBIIUMH Ha3BaHue Oudypkaimii rpaHuyHOro cronkHoBeHus («border collisiony)
[Feigin, 1970; Nusse, Yorke 1992; Di Bernardo et al., 1999, Avrutin et al., 2019; Sushko et al.,
2016; Zhusubaliyev et al., 2021; Zhusubaliyev et al., 2015; Zhusubaliyev et al., 2022; Banerjee
et al., 2000; Zhusubaliyev, Mosekilde et al., 2003; Di Bernardo et al., 2008; Zhusubaliyev et al.,
2001].

B ciyuae, koraa 4yucio BpalleHus pallioOHaIbHOE YUCIIO, TO TOBOPST, YTO UMEET MECTO pe-
30HaHc. O0MacTH Pe30HAHCHOM TUHAMMKM B MPOCTPAHCTBE MAapaMeTpoOB 00pa3yroT Tak HasbIBa-
eMble A3bIKH ApHosbJa. B Hernmagkux cucreMax CTpyKTypa sI3bIKOB ApHOJIBJA [CM., HAIIpUMED,
Zhusubaliyev et al., 2002; Zhusubaliyev et al., 2006] oTau4Ha OT pe30HAHCHBIX 00JACTEH Tiaja-
KHX CHCTEM.

B nanHOil paboTe nuccaenyeTcss Nepexo] OT JBYXYAaCTOTHBIX KBa3MIIEPUOJUYECKUX KoOJie-
O0aHWil K PE30HAHCHOW JAMHAMHUKE B HMMITYJBCHON CHCTEME YIIpPaBIEHHUS YHEProodecredeHueM
HarpeBaTeIbHOM yCTAaHOBKH JJISl BHIPAIIMBAHUS MOHOKpHUCTALIOB candupa [XKycybanues u np.,
2017.]. Iloka3zaHo, 4TO B 00JACTH KBa3UIEPHOAMUYECKON TUHAMUKN CHayvala BO3HUKAET Imapa Ie-
PHOAMYECKUX OpPOUT uepe3 CeAso-y3/oByto Oudypkanuio. YcroiuuBas nepruoauyeckas opoura
COCYILECTBYET C YCTOMYMBOM 3aMKHYTOM KPUBOH C HPPALMOHAIBHBIM YHCIIOM BpaIICHUS.
YcToitunBble MHOr00Opas3Hsl CEII0BOTO LUKIA ONPEEINAIOT IPAHUIbl 0aCCEMHOB MPUTSKEHUS
COCYIIECTBYIOIMX aTTPAaKTOPOB. 3aTeM, IPU Bapualuy NapaMeTPOB KBa3UIIEPHUOAUYECKHH pe-
UM CTAaHOBUTCSI IEPUOANICCKIM, Y€pPe3 TOMOKIMHUYECKYIO OndypKanuio.
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IlocTanoBKa 3a7a4n

ITocTanoBka 3agaum.
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Puc. 1. Cucrema ynpasieHus SHEProodecneueHueM HarpeBaTeIbHON yCTaHOBKY.
3n1ech Vet — 3a0ar0MIHi cUrHAN; ¢ — curHai omuoku; [IIMM — mupoTHO-UMITYJIECHBIN MOIYJISTOD;
¢, Kr - BxonHo# 1 BeixonHoM curHaisl LLIMM; T — remmiepatypa neun B TOUKE H3MEPEHUS;
W(s) — nepenarounas GpyHKIust 00bEKTa yIIpaBICHHs
Fig. 1. Control system for the energy supply of a heating plant. Here Vref is the reference signal;
o is the error signal; PWM is pulse width modulator; &, Kr are the input and output signals of PWM;
T is the temperature of the furnace at the measuring point; W(s) is the transfer function of the plant

CTpyKTypHasi cxeMa CHCTEMBI yNpaBJICHUs SHEProodecreueHreM HarpeBaTesbHON ycTa-
HOBKH JUUIsl BBIPALIMBAHUS KPUCTAJUIOB candupa n3odpakeHa Ha pucyHKe 1, rae mepenaTtoyHas
¢byHKIMS 00BEKTA YIPaBICHUS UMEET BU:

~ 327,8 ~ K
10240s% +352s+1 T1-T2-82+(T14+T2)-s+1

3neck Ti1, T2 — MOCTOSIHHBIE BPEMEHU HarpeBaresisi U BHYTPEHHETO MEYHOTO MPOCTpaH-
CTBa, COOTBETCTBEHHO, K — Ko3(puiineHT nepegaun 0ObeKTa.

CocTosiHHE TaKOW CUCTEMBI ONMUCKHIBaeTCs AU(GepeHIINaTbHbIM YPAaBHEHUEM C Pa3pPhIB-
HOM IPAaBOU YaCThIO

%:Ax+beF(§),
(1)
) 0 1 0
X{xl}’ A=| 1 T+T,| b=|KE |
? Tl 'TZ Tl 'T2 Tl 'TZ

K (6) =L+ sign(@)]

£=a(Vier — Ao (kag))-Vo(t/ag—[t/ g ), k=0,1,2,....,

rae X1 = T; x2 = dT/dt; T — remneparypa neuu B Touke uzmepenus; ¢, Kr — BXOJHOM 1 BBIXOTHOI
CUTHaJIbl IHUPOTHO-UMITyJIbcHOTO Moxayistopa (LIHMM); Vref — ympasnsitomumid curnan; Eo—

HAIPsDKEHUE IUTAHMSA; A0 — IIEPUOJ MOIYJIALNU; LJ — (yHKIMS, BBIICISIOMAS METYI0 YacTh

aprymMenTa; ff — KoaQUIUEHT nepeaadn JaTauka 00paTHON CBS3H, o — KO3(DPUIMEHT yCuIeHus,
Vo — ONOPHBII CUTHAT MOJIYJIATOPA.
Ypasuenue (1) MoxHO 3anucarh B Oe3pazMepHoit hopme
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X=4(X-Kg);

y=4,(y—Kg),
1, £>0;

F:{o, £<0,

E=q+ X(LTJ)-SV(L’J)_E(T_LTJ)’

|_2'J=k, k=0,1, 2, ...,
rac
T=a,/t,
M=—agl Ty,
AH==23y /Ty,
G=414,
A4
q ,B-K‘Eo-ﬂ/zvref’
Vo
V

P=

a,

ref
K-Eqy- 4
T=—"T9 2(x-39y),
) (x=3y)
dT/dt:M(x—y).
8- (4= 4)

[TapameTrpsl Mozienu Takue xe, kak u B [XKycyOanues u ap., 2017].
VYpapHeHus (2) CBOAITCS K HETIAIKOMY HEITPEPHIBHOMY OTOOPasKEHHUIO:

F:(xy)~F(xy),

F.(xy), 9y-x<q-q/e,
F(x,y)=1Fy (%Y), a-q/a<8y-x<q,

R (xy), dy-x>q

et (x-1)+1
FL(xy)= o2 (v +1;

(y-9)
Fr (%, y)—(ejx}
g2y
- ) :[eﬂi(x_l)Jrezl(lz) ]
e’2 (y-1)+e”2?)
q+x—-9%y—-qz/a=0.

3nech
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3neck Fo(X, y), Fac(X, ¥) u Fr(X, y) sBastorcss MOHOTOHHBIMEH (QyHKIHMAMHU. O6nactu
ompeaencuus Fc(X, y), Far(X, y) wim Far (X, ¥) u Fr(X,Y) pa3aesnsrorcss rpaHuIieid, Kotopas
Ha3bIBaeTCs «DOrder» mim MHOrooOpa3ueM MePEKITFOUCHHS.

budyprxannonnslii ananus

Ha pucynke 2 u3o0pakeHa ogHonapaMeTpruueckas OudypKkaluoHHas AUarpaMma, paccuu-
taHHas yncienHo npu I = 7.8 u 45.9 < a < 49.8564, rue I' = Eo/Ex — HOpMHPOBaHHOE BXOIHOE
Hanpsokenue (Ex = 1B). budypkanuonHas auarpaMma WUIUTFOCTPUPYET BO3HUKHOBEHUE TISTH-
MOJIOCHOTO KBA3HUIIEPUOINIECKOTO pekumMa uepe3 oudypranuto Heitmapka-Caxkepa.

0.275

(NS
Lo
49.5

0.1

49.8564

Puc. 2. budypkanmonnas nuarpamma st I' = 7.8 u 45.9 < a < 49.8564
Fig. 2. Bifurcation diagram for I' = 7.8 and 45.9 < a < 49.8564

Ha pucynke 3(a) npeacrasneHn ¢azoBblii mopTpeT otobpaxenus (3), U3 KOTOPOro BUAHO,
YTO MATUIIOJIOCHOMY KBAa3UIIEPUOAMUYECKOTO PEKUMY COOTBETCTBYET MATUIIEPUOJHAS 3aMKHYTas
KpHUBasl.

Ha pucynke 3(6) n3zo0OpaxkeH yBenHueHHbIH (parMeHT (a30BOro MmopTpeTa, Ha KOTOPOM
Mpe/icTaBiIeHa OJIHA U3 MSTH NEePUOAMUYECKUX 3aMKHYTHIX KpUBbIX. Ha 3TOM pucyHKe mokaszaHo,
YTO IpaHuIel OacceiiHa MPUTSHKEHUsS YCTOWYMBON 3aMKHYTOH KPUBOMW SIBIISIIOTCSI YCTOMUYMBBIE
MHOT000pa3us CeAI0BOro S-IMKiIa. 3aMETHM, YTO KBAa3UIIEPUOIUUYECKUIl aTTPaKTOp HE SBISETCS
€IIMHCTBEHHLIM: C HHMM COCYLIECTBYIOT M JAPYTME€ YCTOMYUBLIE IEPUOIUYECKHE JBHKCHHS,
HarpumMmep, nepuoaos 9 u 11.

0.0048
0.0048

y— Si(w)
y—Si(x)

0.0015
0.00315

/
/

0.1 » T 0.28

0.8

Puc. 3. (a) ®azoBbie MOPTPETHI MATU-TIOJIOCHOTO KBa3UIIEPHOUIECKOTO aTTPaKTOpa
(6) YBenmuennslii ¢pparmMent (hazoporo moprpera (puc. 3(a))
Fig. 3. (a) Phase portrait for a five-band quasiperiodic attractor (b) Magnification of (fig. 3 (a))
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Ha puc. 4 noka3ana OudypkanuoHHasi AuarpamMma Jijisi 00JacTH, Iie CYIIeCTBYET yCTOM-
yuBbIi pe3oHaHcHbIN 125-mukn (I' = 7.8, 49.8448467 < o < 49.8449281). B Touke o1 BOSHUKAIOT
YCTOMUUBBINA U CEIJIOBOM MEpPHOAMYCCKHE OpOUTHI meproaa 125 uepes cemno-y3noByw Oudyp-
Kauuio (puc. 4).

0.19582

fadrtitatnn

e Sy TaTute

NRCN 2 A AR TR

PR AR

w4

S o -
49 8448467 a 7 49.8449281

Puc. 4. budypkarnmonnas quarpamma urst 49.8448467 < a < 49.8449281
Fig. 4. Bifurcation diagram for 49.8448467 < a < 49.8449281

Ha pucynke 5(a) npencraBneH ¢a3oBblii mopTpeT otodpaxenus (3) mpu a = 49.8448728,
U3 KOTOPOTO BUIHO, YTO YCTOMYMBBIA IIUKI nepruoaa 125 cocymecTByer ¢ yCTOMYNBOW 3aMKHY-
TON KpuBO#. YcroitunBoe MHOrooOpasue Ws: cemmoBoro 125-mukia onpeaenser rpaHuIlbl Oac-
CEIHOB NPUTSHKEHUS COCYLIECTBYIOIIUX aTTPAKTOPOB.

dazoBbie TOpPTpeTHl Ha pucyHKe 5(0-T), paccumtanHble mnpu o = 49.844875299,
o = 49.8448753, o = 49.8448753084, moka3pIBalOT MEXaHU3MBI IEepexoia OT 3aMKHYTOW HHBa-
PUAHTHOM KPUBOM C KBA3WUIMEPHOIUYECKON NMHAMUKON K pe30HaHCHOMY 125-mukiy depes ro-
MOKJIMHHYECKYIO Ou]ypKaIurio.

Ha pucynke 5(0) (o = 49.844875299) npuseneH ¢Ga3oBbIil MOPTPET, OTBEUAOIIHUN TEPBOMY
TOMOKJIMHMYECKOMY KacaHHio HeycroitunBoro WYs u ycroitunBoro Ws: mHoroo6pasuii. Ha pu-
cyHke 5(B) (a = 49.8448753) moka3aHa TOMOKIMHHUYECKAs CTPYKTypa, OTBEUYAroOIIas TPaHCBEP-
cajgpHOMY TiepecedeHuto HeycTounBoro W' n ycroitunBoro W5+ MHOroo0Opas3uii ceioBoil me-
puoanueckoir opoutel. Ha pucynke 5(r) m3o6paxen ¢a3osbrii moprper npu o = 49.8448753084,
WUTIOCTPUPYIOMIMI  BTOPYI0 TOMOKIMHUYECKYH Oudypkamuoo, a Ha pHUCYHKe 5(1)
(o = 49.844877) npencraBiieHa yCTONYMBas Pe30HAHCHAS KPHUBAs MOCJIE TOMOKIMHUYECKHX OH-
¢ypkauuii. Ha pucynke 5(r) mokasaHo, 4To HEyCTOMYMBBIMH MHOrooopasusmu W!s cemioBoro
uKia nepuona 125 obpazoBaHa 3aMKHyTasi HHBapUaHTHAs KpUBasi.
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y— Sy (x)

0.0026

0.184

0.00325

y— Sy (x)

0.0026

0.184

0.184

x
r)
Puc. 5. (a) ®azoBsIii MOPTPET MOCIE CEAT0-Y3IOBOU OUdypKaIny;

(6) IepBoe romoknMHNYECKOE KacaHue; (B) ['oMOKIMHIYECKAst CTPYKTYPa;

(r) Bropoe romoknnHuueckoe kacanue; (1) Pe3oHaHcHas 3aMKHYTasi ”HBApHAaHTHAsE KpUBast

Fig. 5. (a) Phase portrait after the saddle-node bifurcation; (b) First homaoclinic tangency;
(c) Homoclinic structure; (d) Second homoclinic tangency; (e) Resonant closed invariant curve
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3akjaoueHue

B npencraBnenHoi paboTe U3y4yeH Mepexo OT ABYXUACTOTHBIX KBAa3UIIEPUOANYECKHX KO-
ne0aHui K PE30HAHCHOM TMHAMUKE UMIYJbCHOW CHUCTEMBI YNpPABJICHHSI dHEProoOecreueHueM
HarpeBaTeIbHOM YCTAaHOBKH JJISl BhIpallMBaHUs KpUcTaisioB candupa. Ilokasano, yto B o01actu
CYILLIECTBOBaHMs YCTOMYMBOI 3aMKHYTOW KpHUBOM, OTBEYaroOIIEel ABYXYACTOTHBIM KOJIEOAHUSIM,
CHauaJa, 4epe3 CeJI0-y3/I0ByI0 OudypKaluio, BOZHUKAET Napa NePUOJINYECKUX OpOUT — yCTOii-
yhBas U ceajioBas. YcToluuBas nepuoanueckas opOuTa CoCyIleCTBYET C YCTOWYMBOM 3aMKHY-
TOW KpUBOW C MPpAllMOHAIBHBIM YUCIOM BpalleHus. ['panuneil 6acceiiHOB NPUTSHKEHUS COCy-
IIECTBYIOLIUX ATTPAKTOPOB SBJISETCS YCTONUMBBIE MHOTOOOPA3Msl CEAIOBOrO LIUKIIA. 3aTeM, NPU
BapUallMU I[1apaMETPOB, YCTOMYMBBIM KBAa3UIEPUOAUYECKUNM PEXKUM INEPEXONUT B YCTOWUYUBBIN
PE30HAaHCHBIN ITUKII Yepe3 TOMOKIMHUYECKYI0 OudypKamuro.
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